A result concerning starlikeness is improved. The technique of the differential subordination is used.
Introduction
Let U(z 0 , r) = {z ∈ C |z − z 0 | < r} be the disk centered in z 0 and of radius r, and let U = U(0, 1) be the open unit disk in C. Let A be the class of analytic functions f, which are defined on the unit disc U and are normalized by the conditions f (0) = f (0) − 1 = 0. The subclass of A consisting of functions for which the domain f (U) is starlike with respect to 0, is denoted by S * . We note that
Let α ∈ (0, 1). Another subclass of A we deal with is the class of functions starlike of order α defined by
In [3] and [1] , p.284 the author proved the following result 
The result is sharp and in particular it follows that f ∈ S * (α), with α = 2 2+k
. Closely related to this problem is the following theorem which was proved in [2] and it has been republished in [1] , p.288.
Theorem 2.
If f ∈ A, with f (z)f (z)/z = 0 and if
The result of this theorem is not sharp. Our goal is to improve this result giving an estimation regarding the order of starlikeness of functions which satisfy (1) . In order to do this, we need some lemmas, which will be exposed in the next section.
Preliminaries
Let f and g be analytic functions in U. The function f is said to be subordinate to g, written f ≺ g, if there is a function w analytic in U, with w(0) = 0, |w(z)| < 1, z ∈ U and f (z) = g(w(z)), z ∈ U. Recall that if g is univalent, then f ≺ g if and only if f (0) = g(0) and f (U) ⊂ g(U). 
, and:
. We note that z 0 p (z 0 ) is the outward normal to the curve p(∂U(0, r 0 )) at the point p(z 0 ). (∂U(0, r 0 ) denotes the border of the disc U(0, r 0 )).
Combining Theorem 3.2d. with Theorem 2.5c from [1] , we obtain the following lemma.
Lemma 2.
Let a ∈ C with a > 0. Let the function R a be defined by
If h is analytic in U, h(0) = a and if h ≺ R a,n then the solution u of the equation
where 
.
(ii) h is convex or Q is starlike, then
In addition h, log[βq(z) + γ] and q are univalent in U.
Lemma 4. Let the functions
The function φ t is increasing on [0, arccos(
, π] for all fixed t ∈ [0, 1], and
The function ρ t is increasing on
Proof. We have
Thus φ t is increasing if and only if cos θ +
)], but this inequality holds if cos θ +
, and this is equivalent to θ ∈ [0, arccos
]. On the other hand we have
, π], t ∈ [0, 1], and this is equivalent to
The first inequality regarding φ t is obvious. If t ∈ [0, 1] is a fixed number, then φ t has a maximum for θ t = arccos
and we have φ t (θ t ) =
The prof of the assertion regarding ρ t is similar.
Lemma 5. The functions
is strictly increasing on [arccos
Since according to Lemma 4 we have
and so finally we get
, π].
The Main Result
Theorem 3. Let R * be defined by
and this is the best possible result.
Proof. Using the notation p(z)
, and
condition (2) can be rewritten as follows
where
. According to Theorem 2, if R ≤ √ 2, then we have p(z) > 0, z ∈ U. Let R 0 be the biggest value of R for which the inequality q(z) > 0 holds for every z ∈ U, where
and v is the solution of the differential equation
Theorem 2 implies that R 0 ≥ √ 2. Consequently the function v is well defined, and
Now from Lemma 3 we get that v is univalent, and this implies that q is univalent too. According to Lemma 2 we have v(z) = 1 0
If the subordination p ≺ q does not hold, then Lemma 1 implies that there are two points z 0 ∈ U, ζ 0 ∈ ∂U and a real number m ∈ [1, ∞) such that p(z 0 ) = q(ζ 0 ) and z 0 p (z 0 ) = mζ 0 q (ζ 0 ). These lead to the equalities
The domain of definition of the functions h and v can be extended to U ∪ ∂U, and so from (4) it follows that
From (6) and (7) we deduce
This result contradicts the subordination (3). Thus we have p ≺ q, and q is the best dominant. The deduced subordination and the minimum principle for harmonic functions imply [0,2π] q(e iθ ) = inf θ∈(0,2π)
We get also that R * = R 0 .
Remark 1. Theorem 2 implies R
The following corollary is a simple consequence of Theorem 1.
Corollary 1.
If f ∈ A, with f (z)f (z)/z = 0 z ∈ U, and if
In the followings we will use Lemma 4 and Lemma 5 to deduce a result that make possible an estimation regarding the order of starlikeness of functions f ∈ A which satisfy condition (1).
Theorem 4. The following inequality holds
Proof. We use the notations of Lemma 4 and we introduce the notations Ψ t (θ) = We distinguish three cases. First assume θ ∈ [0, arccos
]. Since according to Lemma 4 the following inequalities hold 0 ≤ Ψ t (θ) ≤ , and ρ t (θ), Ψ t (θ) are increasing with respect to θ (for fixed t ∈ [0, 1]), we obtain that cos Ψ t (θ) decreases and sin Ψ t (θ) increases on the given interval. Let θ k = 
